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I. StitrMARY 

This report presents the major resul ts  of' the  Study of Structural  
Bending Adaptive Control Techniques for Large Launch Vehicles perfol.lsled 
under W A  Contract NAS8-20056. 
for t h e  dynandc representation of the launch vehicle. 
description of! the study and resul ts  can be found i n  Volume 3 3 .  
The system studied u t i l i ze s  the  principles of spectral ident i f icat ion 
t o  identify the  vehicle dynarafcs and UBCS the  identified parametms of 
the vehicle to coglpute the required control compensation far px'aper 
system performanse and s t a b i l i t y .  
and the  functions of' identificationfcaqensation are perfarmed continu- 
ously during vehicle operation. 
problem of decoupling the elast ic  end the  r i g i d  body mode (passive 
control). However, a brief discussion on active bending control which 
is concerned with minimizing the actual vehicle bending through the  use, 
i n  this case, of single force point control (main nozzles) i s  ab0 
included. 

NASA Model Vehicle I1 data was used 
A more complete 

Computations are performed dig i ta l ly ,  

The study i s  devoted primarily t o  the 

This report summerlzes t h e  overall study objectives, describes the 
basic spectral ident i f icat ion system and presents the significant 
study results. In addition, an Appendix section i s  included which 
shows the pertinent equations af motion. 

The study results include the  s tab i l i ty  and tnrjectary analyses 8s w e l l  
as the  modifications t o  the basic spectral ident i f icat ion system which 
w e r e  necessary to sa t i s fy  the system requirements. 
analyses results are presented in  the fow of gain-phase plots and were 
perforgped for three flight cases: lift off, maximum dynamic (q) pressure 
md end of f i r s t  stage a f t e r  launch. Satisfactory s t a b i l i t y  w a s  achieved 
for all cases wi th  the c q l e t e  spectral  identification system operative. 

The s t a b i l i t y  

The trajectory results cover the complete f i r s t  stage and show the 
dynamic behavior of the identification system and the a b i l i t y  of the 
vehicle t o  follow the trajectory i n  the presence of atmospheric disturb- 
aces  and instrument noise. 
simulations from l i f t  off t o  the end of first stage w i t h  the d i g i t a l  
compensation and frequency identification system functionally mechanized 
i n  the study as they would be i n  a d i g i t a l  control computer. 
indicate the capability of the system t o  provide stable control of a 
vehicle w i t h  wide margins of uncertainty i n  the vehicle dynsmic and 
f l ex ib i l i t y  coefficients. 

The t ra jec tor ies  are pi tch plane d i g i t a l  

The resu l t s  

The study did not involve the detai ls  of the d i g i t a l  computer mechaniza- 
t ion,  however, preliminary estimates indicate that the complete spectral  
identification system requirements are w e l l  within the state-of -the-& 
of present day airborne d i g i t a l  computers. Memory capacity of approxi- 
mately 2,000 words, word length of 16 b i t s  and computational speed of 
5u sec add time are some of the important requirements of the system. 

1 



I. SUMMARY (cont'd) 

The overall features of' the spectral identification adaptive control 
system are summarized as follows: 

(1) 

(2) 

( 3 )  

(4) 
( 5 )  

( 6 )  

the system identifies the deslred bending mode frequencies 
with ~ ~ ~ J R W E  a priori knowledge, 
the system i s  readily adaptable to  control system 
requirearent s , 
the farward loop colapensatom are controlled continuously 
by means of the identified information, 
the system provides real t i m e  frequency information, 
the hardware problems associated with varying payloads 
and/or missions a r e  minimized and, 
the system stabi l i ty  i s  assured 
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The effective size of a boost vehicle designed for a space mission i s  
measured by the usable payload pounds that can be placed i n  orbit. 
major posit ive contributor t o  payload pounds i s  the weight and efficiency 
of the rocket propellant. 
pounds is  the weight of the  structure required t o  hold the propellant, 
engines and payload together. 
minimizes the  s t ructural  weight. Minimum structure r e su l t s  i n  increased 
vehicle f l ex ib i l i t y  (i.e., ab i l i t y  for the vehicle t o  bend). Increase 
f l ex ib i l i t y  has an adverse affect upon the performance of the  a t t i tude  
control system. 

The 

The major negative contributor t o  payload 

The best  boost vehicle design thus 

The purpose of the a t t i tude  control system is t o  measure the direction of 
vehicle t rave l  and t o  maintain t h e  direction desired by the guidance 
system i n  a manner that w i l l  not destroy the vehicle. 
is similar t o  a long rod which bends i n  two w a y s  when forces are placed 
upon it. The first i s  a steady s t a t e  bend equivalent t o  the sag in a 
rod when it i s  supported horizontally at both ends. The second way i s  
an oscil latory bend which would be exhibited by the rod i f  a weight 
were t o  be dropped on it whi le  horizontally supported. This oscil latory 
bending tends t o  die  out by i t se l f  unless it i s  being continually forced 
and excited. The control system i n  maintaining proper heading is con- 
t inual ly  applying forces t o  the vehicle. 
designed so that i n  continually applying forces t o  the vehicle, it does 
not a l s o  continually exci te  the  bending i n  a manner t o  increase bendiw 
deflections and ultimately destroy the vebicle. The attitude of the 
vehicle i s  measured by an instrument r igidly attached t o  the vehicle 
structure. 
the local vehicle bending at the sensor location. The a t t i tude  control 
forces computed from the sensor output are thus pa r t i a l ly  determined by 
the bending magnitude a t  the sensor. Factors depending upon the rela-  
t i v e  bending direction between the sensor locations and the at t i tude con- 
trol force point, plus computational delays i n  computing the at t i tude 
control force magnitude from the sensor output determine whether the 
applied force increases or decreases any bending tha t  may exist. The 
e f fec ts  of coqutat ional  delays are direct ly  dependent upon the 
oscil latory frequency of the bending. 

A boost vehicle 

The control system must be 

The sensor measures not only the vehicle a t t i tude  but a l s o  

A normal control system for a flexible vehicle does not allow high fre- 
quencies t o  pass through t o  the force point, thus eliminatiag the  rein- 
forcing of high frequency oscillatory bending modes .  
delays are so designed t h a t  the low frequency osci l la tory bending modes 
are suppressed by the control forces rather than reinforced. However, 
w i t h  very large and very flexible vehicles, a normal control system 
design may be inadequate. 
oscil latory frequencies becme low enough t h a t  even the higher modes 
cannot be f i l t e r ed  out without detrimental effects  upon the a t t i tude  
control. With large vehicles, it is impossible t o  predetermine the 
cending oscil latory frequency t o  the accuracy required t o  adjust the 
computational delays i n  a manner to 

Computational 

For very f lexible  vehicles, the bending 

achieve guaranteed stable control. 
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11. (cont 'd ) 

A mthod of obtaining stable control under these adverse bending condi- 
tions w o u l d  be t o  accurately measure the  bending frequencies d u r i n g  
f l igh t  and place notch f i l t e r s  ?E the control system a t  these freqgemies 
so tha t  j u s t  the bending frequencies are inhibited fram contributing t o  
the attitude control farce. 
bending frequencies and with the notch filters tuned t o  these frequencies, 
the vehicle s t i l l  bends as it is excited by forces other than the atti- 
tude con-broi forces. Since this is the case, the setrsm outp i t  i n  
general contains signals representative of the  osci l la tory bending even 
with perfect control system notch filtering. 
density of the sensor output i s  measured, there would be peaks a t  the 
bending frequencies. 
peaks which are used during f l i g h t  t o  tune the notch f l l t e r s .  

Even with perfect identification of the 

If the parer spectral  

It is the  measurement of the frequencies of these 

This report shows the results of applying t h i s  type system, Spectral 
It5entification Adaptive Control System, t o  a r e a l i s t i c  large launch 
vehicle in a complete closed loop trajectory simulation w i t h  bending 
frequencies changing an3 i n i t i a l  frequency uncertainties. 
was subjected t o  r e a l i s t i c  winds and gust inputs. 
bulk of pertinent data generated dur ing the study and t h e  numerous minor 
details that were investigated, t h i s  summy repart has been generated 
t o  br ief ly  explain the s y s t e m  operation and present major study results. 
See Volume Il f QT the complete f ina l  repart. 

The vehicle 
Because of the large 
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111. STUDY QaTEcTnrps AND GROUND RULES 

The objectives of the study were to:  

Design a spectral identification system t o  achieve 
minimum coupling between bending modes and short 
pericd 0 

Provide basic system stabi l i ty .  
Achieve a prac t ica l  mechanization of the  f i n a l  system. 
Demonstrate t he  Spectral Identification Adaptive Control 
System i n  a complete closed loop time varying trajectory 
simulation, including adaptive features working with 
vehicle bending frequency changes i n  combination with 
r e a l i s t i c  wind and gust inputs. 

The study ground rules were: 

The study was based on Model Vehicle I1 data received 
from George Marshall Space Flight Center, H U n t S V i l l t ? ,  
Alabaag. 
Hodel Vehicle 11. 
The study w a s  res t r ic ted t o  the p i tch  phase. 
zhe study was  restricted t o  the first stage. 
The slosh dynamics are included i n  s t ab i l i t y  analyses. 
The dynamics of the system included short period mode, 
four f lex ib le  modes, engine compliance, sensors, actuator 
and f u e l  slosh. 
The bending frequencies were not res t r ic ted  t o  a prescribed 
frequency band but a t o t a l  bandwidth was defined which in- 
cluded all this bending modes of' interest .  

Figure 1 is a p ic to r i a l  representation of 
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The Spectral Identification Adiiptive Control System includes a conven- 
t iona l  short period control system where the a t t i tude  commarrd i s  surmed 
i n  the  proper r a t i o  with t h e  output of an a t t i tude  gyro and attitude 
r a t e  gyro. 
compensator and then filtered by three notch f i l t e r s  which eliminate 
the first, second and third bending mode components from the error 
signal. 
cormpand to  the main th rus t  nozzles. In  order t ha t  the notch filters 
r e m o v e  the bendinn, they must be tuned t o  the bending frequencies. 
bending frequencies are i n i t i a l l y  unknown (but res t r ic ted  t o  a band) 
due t o  uncertainties i n  the vehicle dynamics and change during the 
t ra jectory as propellant i s  expended. I n  order t o  insure that the 
notch filters are tuned t o  the bending frequencies, t h e  bending f re -  
quencies are continuously identified during the  f l i gh t .  
shows a block diagram of t h e  spectral ident i f icat ion d i g i t a l  adaptive 
control system. 

This composite error signal Is f i l t e r e d  by a short period 

The output of the final notch filter is  used as the deflection 

The 

Figure 2 

A. Frequency Identification System 

The bending frequencies of the  W e 1  I1 vehicle are identified by 
placing 24 spectral f i l t e r s  tuned t o  24 frequencies over the 
expected frequency band of the first three bending modes. 
input t o  the f i l ters i s  an instrument(s) ( r a t e  or acceleration) 
which contains signals a t  the bending m o d e  frequencies i n  question. 

The 

Either an acceleration or a rate type instrument i s  acceptable 
for use w i t h  the spectral  identification system. Et. single instru- 
ment may be used or two instruments may be used, one of  which 
would be located near the front end of the vehicle and the other 
near the aft  end. 
potential  of locating all t he  control/guidance sensors together 
while the t w o  instrument configuration provides a be t te r  bending 
signal for the spectral  f i l t e r s  since the r ig id  body infarmation 
can be eliminated from the  t o t a l  signal. 

The single instrument configuration offers the 

The spectral  filters, a t  or near the unknown bending frequency, 
have larger outputs than the other filters. 
output for  square wave kernels i s  the solution of equation (1). 

Each spectral  f i l t e r  

Ai = 

t 

Eir: (i T) 
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where T i s  the  sampling interval,  N the  spectral f i l t e r  order and Y i  
t h e  tuned frequency. 
for the determination of the appropriate bending frequency is 
described later. Figure 3 is a block diagram of t h e  spectral  
identification system. 

me nmnner i n  which the sumations are processed 

Fi-aue 4 shows the  frequency ident i f icat ion performance for M 
ideal signal input of the form given by equation (2). 

F ( t )  = B1 s i n  W t + B2 s i n  W 2 t  + B sin U t (2) 1 3 3 

vhere B 

wi th  t i n r e  as shown by the solid l ines  i n  Figure 4. 
f i l ters are tuned over the total frequency range from 1.51 rad/sec 
t o  14.28 rad/sec, with a basic spectral sampling period of 0.01 sec. 
The f i l ter  outputs are i n i t i a l l y  used a t  order one and propagated 
t o  order 5. This choice of f i l t e r  order i s  related t o  the  i n i t i a l  
speed of response, the init ial  uncertainty factor associated with 
the mode frequencies, 
figurations. It should be mentioned at this point tha t  it is im- 
possible t o  state a number such as an equivalent time constant as 
a measure of the speed of response of identification. The speed of' 
response for a par t icular  bending mode i s  dictated by the amount 
of bending activity,  t h e  bending frequency and the  required bending 
frequency identification accuracy which i n  turn is related t o  the  
overall system s t ab i l i t y  and aynamic performance. Therefore, for 
the  final system design, the factors  of frequency identification, 
system s t ab i l i t y  and dynamic perfonaance cannot be separated but 
must be treated on a completely integrated basis. 

= B2 = B and the frequencies (W1, W2, W ) change l inear ly  
1 3 3 

The 24 spectral  

dynadcs of the  vehicle and compensation con- 

The parameters and elements associated with the frequency ident i f i -  
cation system include: 

(1) 

(2) the kernel function 
(3) 
(4) 

(5) 

( 6 )  

the spectral  f i l t e r s  ( t o t a l  f i l ters a function of nunber of 
bending modes required t o  control and data uncertainty) 

the variable integration period and sampling t i m e  
the information processing center (method for determining 
identified frequencies) 
the smoothing filter (applied t o  output signal from 
processing center) 
the notch filter (tuned by identified information) 
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B. SPECTRAL F I L T m  

The operation of eech spectral f i l t e r  can be explained by reference 
t o  Fourier I n t e g r a l  Theory. 

A periodic  funct ion of time, f ( t ) ,  of per iod ic i ty  1 seconds $an be 
written as a Fourier Series E U ~  of sine and cosine funct ions by 
equation 3. 

= 2 
An 1 

f(t)  s i n  (y) d t  

= l L f ( t )  cos (?> d t  Bn 1 o 

(4) 

If the funct ion f ( t )  is non-periodic then i t  cannot be represented 
by a summation of per iodic  frequencies but coritnins components a t  a l l  
frequencies. A and B are  t h e  s i n e  and cosine d i s c r e t e  frequency 
amplitudes f o r  ?he perfodic case and become continuous funct ions of 
frequency, w, f o r  t he  non-periodic case. These funct ions are 

A(w) = f," s i n  ( w t )  f ( t )  d t  

B(ur) = ; J," cos  (cut) f ( t )  a t  

The function f ( t )  can then be expressed as 

f ( t )  = JOm A(w) s i n  (ut)  du, + J; B(w) cos (cut) dw 

A(w) and B(w) thus represent the s i n e  and cosine amplitudes of f ( t )  
a t  t he  frequency rn and t h e  t o t a l  squared amplitude a t  the  frequency 

2 is A*(,B) + B (w). 

The theory behind the generation of the s p e c t r a l  f i l t e r  output i s  t o  
determine an approximate squared amplitude a t  a frequency, u) f o r  a 

time s l ice  of a sensor output. A t  time s l i c e  of the sensor output 
is used  because the pwFose  of the spec t r a l  is t h e i r  use i n  a system 

0' 

~ ~~~ 

1. Norse, P h i l i p  M., and Feshback, Herman: "Nethods of Theoretical  
Physics," Volume 1 ,  pp. 454-455, M c G r a w - H i l l ,  New York, 1953. 



t o  i d e n t i f y  f requencies  which change i n  time; therefore ,  a time s l i c e  
i s  taken uhich i s  long enough t o  include severa l  per iods of o) but 
shor t  enough so that the frequency t o  be determined does not  8hange 
s ign i f i can t ly .  
and t he  t i m e  slice, used t o  generate a s p e c t r a l  f i l t e r  output f o r  wo, 

where p is o n e h a l f  period of woo 

slice of the in@ fznetioz which is  defined as f ( t ) .  
value between to and 2pn + to and is zero everywhere else. 

6 and 7 then become 

Figure 5 shows a t y p i c a l  d i f f e r e n t i a l  rate gyro output 

The dashed l i n e  represents  the time 

Thus f ( t )  fias e 
Equations 

sin ( w t )  f ( t )  d t  
0 

I I time s l i c e  
spn seconds 

I I 

Amplitude 

0 

Figure 5. Typical Spec t ra l  F i l t e r  Input Time S l i c e  

and 

to +2pn 

0 
cos ( m t )  f ( t )  d t  2 

B(ud = ;; Jt 

Since the  s p e c t r a l  f i l t e r  evaluates  A(w) and B(w)  a t  only t he  frequency 
point  (uo, mo can be subs t i tu ted  i n t o  Equations 9 and 10. 



C. KUWL PmJCTIOrJS 

Solutions fo r  A(wo) and B(wo) are  developed i n  a d ig i t a l  computer a t  

a rapid sampling rate ,  The s i n  (wet) and cos (mot )  kernel functions 

are costly t o  form i n  a d i g i t a l  computer i f  they are required a t  a 
f a s t  rate. 

se r ies  expansion for s ine  and cosine must be evaluated or a difference 
equation solution must be used t o  propagate the functions. 
f a s t e s t  way is  t o  use a difference equation solution since tu and the 

sampling rate- fixed f o r  ea& spectral  f i l t e r .  To do this requires 
iii-ii= jmLt;iplfeati~iiiis d k i c  additiciza t e  prspagzite the sfre-ceaine 
pair a single increment i n  time. 
H o d e l  Vehicle I1 a t  which the sine-cosine propagat/on would have t o  
be conducted is  0.01 seconde. The to t a l  number of spectral  f i l ters 
used is 24. If a f l i gh t  computer were used with computational speed 
capabi l i t ies  equivalent t o  the Il3M 7094, 0.002 seconds of computation 
time would be required t o  propagate the sine-cosine pairs fo r  a l l  24 
spectral  f i l t e r s .  This amounts t o  20 percent of the available compu- 
ta t ion time. 

In evaluating the sin (wet) and cos (UI t) e i ther  the 
0 

The 

0 

The Sampling r a t e  required for 

If, instead of using a sine and cosine flmction, a square wave kernel 
function of the same frequency is  used, an approximation of Equations 
9 and 10 is  maintained a t  a significant reduction in computational 
complexity, A square wave can be propagated by tes t ing for the time 
when it changes from +1 t o  -1 and -1 to + l o  Thus, the 4 multiplica- 
tiona and 2 additions are eliminated from the requirements. 
addition, i f  sine and coalne waves are u ~ e d ,  they must be multiplied 
by f ( t )  before the integration is  made. Uith square waves of amplitude - +1 a multiplication is  not required, but only a change in sign of 
the integration as the square wave changes sign. 
functions are  defined 

In 

Thus, two kernel 

sqe (ah) = *yr sin 9rt 

and 

aqc (cot) 
008 cut 

That is eqs (cat) is  a square wave in phase with sin (at) and sqc (at) 
a square wave in phaae w i t h  cos (ur t ) .  
A(a0) and B(mo) become 

U s i n g  these kernel functions 

t +2pn 
A(oo) -'s sqs (wet) f ( t )  d t  

to 

4 
Number of f i l t e r s  used were not optimized. 



to +2pn 
B(mo) = ;; 2 Jt sqc ( m o t )  f ( t )  d t  

0 

 he Fourier Series of eqs (w,t) i e  

sqa (mot)  = ; 2 (s in  mot - -  1 s in  3 m o t  + - 1 ein 5 mot  + ...) (15) 3 5 

Comparing the values of A(ae) developed from Equation 13 and A(wA) 

developed by Equation 9 by mabs t i tu tw  Equation 15 in to  Equation 13 
w e  f i d  

W 

Equation 16 shows that when squere wave kernels are used the amplitude 
of the frequency component a t  UI 

components a t  3m0, 5w0, 7w0, etc. 
are down by a factor of l, l, etc. 

that Equation 9 determinee the magnitude of the s in  ( m o t )  component 

i n  f ( t )  w h i l e  Equation 13 determines the magnitude of the sqs ( m o t )  
component i n  f (  t). 

In the application of the spectre1 f i l t e rs  the time s l i ce  i s  chose& 
so that  t always occurs when the sqs (w t) changes sign. The time 

s l i ce  w a s  chosen t o  be 5 periods of the spectral f i l t e r  tuned frequency. 
The spectral f i l t e r  oLitput was computed from the equation set: 

is  found but distorted by the amplitude 
0 

These higher frequency components 

Another way of viewing this is 3 5 ' 7  

0 0 

t O + i P  
si = - Jt (-l)i Ein( t )  d t  

0 

vi = ci + ci - 

15 



Descriptively the solution of these equations is: 

i n t e  over 1/2 period (p) oi a square wave kernel tirss the 
8pectral input signal w i t h  the kernel  phased t o  change sign at 
to. 
spectral i q u t  si& w i t h  the  kernel phased t o  change sign at 
to + p/2. 
with the kernel  used in determLning Si. Ui being the sum of 
Si and Si,l i s  thus the i n t e g r a l  of the kernel tiares the  

spectral irrput signal w i t h  the integration period a complete 
period of the spectral  filter tuned frequency. A value of Ui 

i s  cooqputed far each half  period tinre point, however. V1 is 
equivalent t o  Ui except colnputed using the  quadrature kernel. 
S is  the 
which r e m s  the  n d  decrease in  an integratar output with 
increase i n  input frequency. 
ta t ions are made using Vi instead of Ui. 

f i l ter  output i s  then c q u t e d  by taking the sum of the scpares 
of sandc .  

Si is the 

Co i s  the integral of t h e  8Quare wave kernel timaes the  

 he kernel us& i n  determining is i n  quadrature 

of 1 past values of Ui tiaaes a normalizing constant 

C i s  equivalent t o  S except emu- 
The t o t a l  spectral  

D. Spectral F i l t e r  Frequency Response 

Figure 6 is  the output anplitude of a spectral  filter as the  input 
f’requency is  varied. 
frequency, r, computed by dividing the input frequency by the 
tuned frequency. 
the phase relationship between the input frequency and the square 
wave. 
ana the  ut@ with a dashed line. These two curves represent the  
extrcnrcs in spectral f i l t e r  gain as the input signal phase chaqes. 
mt integration period 

The amplitude is plotted versus normalized 

The spectral  filter response is dependent upon 

Figure 6 shows two C U ~ I ~ ? S ,  one drawn with a continuous l i n e  

5 periods (i.e. , a= 9) .  

E. Spectral F i l t e r  Infornratian Rocessiq 

Since there  are 24 spectral f i l ters,  there are 24 values of A computed 
which are distinguished from each other by the subscript n ( i .e . ,  An) 

corresponding t o  the spectral f i l t e r  tuned frequencies ((I) n) and the 

number of Sample5 mn in the  1/2 period using a 0.01 sec sampling tipc 

shown i n  Table 1. 
should be greatest  when the spectral  f i l t e r  tuned f’reqaency is near a 

Because the spectral  f i l t e r  output aaplitudes 

16 
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bending frequency aarplitude, peaks i n  the 

procedure is used i n  detednillg the bending frequencies. 

array are used t o  
determine the bending frequencies. The fo 3 owing step by step 

1. AU. values of' A, smaller than a se t  of resolution values 
are  set equal t o  zero. This is  done t o  eliminate the 
ident i f icat ion of aay peaks if the t o t a l  bending act ivi ty  
is very low. 
is  law and resolution levels not present, frequency 
identification w o u l d  be based mostly upon system noise. 
This could cause the notch f i l ters t o  become detuned 
e n q h  t o  produce unstable bending. The bending ac t iv i ty  
would inmreaiatew pick up and proper ident i f icat ion is 
made before the vehicle loads are exceeded; however, the 
t o t a l  bending ac t iv i ty  is greater than when the resolution 
levels are set. 

Under the conditions when bending ac t iv i ty  

m n rad/sec n n 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
ll 
12 
1 3  
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

22 
24 
26 
28 
30 

40 
44 
48 
54 
60 
66 
74 
82 
92 
100 
u 2  
124 

z 

138 
1 9  
170 
188 
208 

14.28 
13.09 
12.083 
ll. 22 
10.472 
9.81 
8.73 
7.85 
7.14 
6.54 

5.24 

4.25 

5.82 

4.76 

3-03 
3.41 
3.14 
2.8 
2.53 
2.28 
2.04 

1.67 
1.51 

1.85 

Table I. Spectral F i l t e r  !Tuned Frequencies 



2. 

3. 

4. 

The three h r g e s t  peaks are determined from the complete An 

array. A value of An i s  a peak only if An> An - An> 
An,2 and An> An+l and An> Aw2, i.e. , An i s  a p e d  only 

i f  it i s  larger  than t w o  values of A on each side of An. I n  

general, the amplitude of the  peek associated with the f i r s t  
bending Plode is larger than the peak associated with the 
second ppllde which is  i n  turn larger than the peak associated 
with the th i rd  modo. It is  not uncoammn t o  have several 
spectral filter amplitudes i n  the vicini ty  of the  first avode 
frequency be larger  then any other of the  spectral  f i l t e r  
anplitudes. If An were t o  be conpared with only a single 

spectral f i l t e r  output on each side of i tself ,  there would be 
a t  times a 6 i t U t i O n w h e r e  An+l vas l e s s  than A 

the neighborhood of the first bending mode. 

An+2 

at An+2 
ing mode peaks. The frequencies associated with A and A n a t 2  
would both be identified and thus two notch filters would be 
placed i n  the vicinity of the  first bending mode. 
t ion i s  eliminated when two values of A on each side of the 
peak value are required t o  determine a bending mode. 
case, the two f i l t e r s  on each end of the  array (i.e., AI, A2 

and A23, A&) constitute a special case. F i l t e r s  and A* 

are never candidates for a peak while a peak at  A2 exists if  

A*> AI and A 2 7  A and A2 > A4 and a peak exis ts  a t  A if 3 23 
A > A& and A23> A= aad A )Aa. If more than three 
peaks are  identii ied,  only the three largest  peaks sre eon- 
sidered legitimate. With three peaks identified,  the p e e s  
are arranged i n  ascending orders of n and tentatively associ- 
ated wi th  the third, second and f i r s t  bending d e s ,  respectively. 

and An+2 i n  n 
In this case, 

w o u l d  be identified as a peak along with An and the  peak 

would be larger than e i ther  the  second OT thi rd bend- 

This condi- 

For this 

23 23 

If less than three peaks are identified, special processing 
must be perfarmed to detvmine which bending sode peaks 
are associated with t i  part icular  beMing laode. 
of n determined for each mode are compared with the present 
values of n. 
with the bending mode whose past  value i s  marcst the present 
value of n. 

!l!he last values 

The present identified peaks are then associated 

A t  this tise, 0, 1 and 2 or 3 peaks have been identified and 
tentatively,  i n  each case, associated with a bending mode. 
A further test i s  made t o  determine i f  the identification i s  
acceptable. 
the t i m e  of staging, the bending frequencies change in R more 
or l e s s  continuous manner. 
identified n value Par each bending mode is  cmrpared with the  
previous n value associated with that filter. If the differ-  
ence between the  present and past n values i s  greater th8n 7, 
the  presently identified peak is rejected as being unacceptable. 

It i s  known that for a real vehicle, except at 

For this reason, the present 



5. If' the change between the present value of n and the past  value 
of n i s  between 4 and 7, it i s  l imi ted  t o  a change of no more 
than 3. 

6 .  The vehicle bending mode frequencies are more or l ess  harmoni- 
cal ly  related t o  each other within a tolerance band. 
relationship is used t o  keep the m o d e  identifications separated 
within the tolerance band. 
mode t o  Wn a t  the first bending made is  compared with a fixed 

constant such that i f  the r a t i o  is less than the constaut, the 
second mode identification is rejected. A second test is lpede 
between the first and thirci d e  with the third mode ideTittf1- 
cation being rejected when the t e s t  f a i l s .  

Tbis 

The r a t i o  of ma at the second bending 

7. A t  t h i s  t i m e ,  a frequency i s  computed for each iden t i f i ed  reode 
f rom the formula 

u) + A  W n + A  
= An-l n-1 n n+l n+l 

+ A n  + A  
All-l n+l  

FI 

8. ~1 for each mode i s  filtered to  remove high frequency noise on 
FI 
the identified frequency by the formula 

= .'j uJF + .5 WT 0 

TI n In In-1 

f~ i s  then used as the frequency t o  tune the notch filers. 
TI 
The complete process is a rather complicated procedure though 
mch has been done to reduce the camputer speed requiremnts. 
A t  a .01 second sampling rate the integrations of Equations 
17 and 18 are performed using a rectangular integration 
algorithm. Also a t  .01 second,testing i s  made t o  determine 
if the time t o  +ip/2 or to + is has arrived (i.e., the upper 
integration Units). 

This is the only cogputation far each spectral  f i l t e r  that is  
done a t  the .01 sampling r a t e  if  the upper integration tinu? has 
not arrived. When the upper l i m i t  integration t i m e  to + ip/2 
on the first integral  i n  Equation 18 arrives,  a change i n  sign 
af the kernel i s  made. When the upper l i m i t  integration t i ne  
to + i p  arrives for  any spectral  f i l t e r ,  the  computations of 

U 
t o  zero. 
t h e  computations and testing t o  determineWT 

and Vi are made and Si and Ci for the spectral  f i l t e r  reset  
i 

A t  a sampling r a t e  of .4U seconds the  remainder of 
are made. 

A 
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Special considerations a.re required vhen the  ident i f ie rs  are started 
a t  launch. 

zero. 

bending frequencies. 
spectral  filters can cormpute t h e i r  f i rs t  values of C1 and Si (.48 
seconds) must elapse before any ident i f icat ion of a new frequency 
i s  attempted and then only t he  third node frequency. A t i P P e  long 
enough far the first 15 spectral filters t o  obtain a complete Ci 

and Si cauputatlon (-82 seconds) elapses before the t h i r d  and second 
healing awcks m e  &loued t o  be identified and total of 2.08 seconds 
elapses before all three modes are identified. Since the in i t i a l  
summations of U and V do not contain 8 t o t a l  of 9 (the value of 
used i n  the sys#km) tekas, the namaalizing constant far computing 
S and C i s  adjusted for each spectral  f i l ter .  

A l l  past values of U1, V1, Si and Ci are set equal t o  
The wT frequencies ere in i t ia l ized  t o  the expected launch 

A time long enough so that the first 10 

F. Watch F i l t e r  

Upon identifying and smoothing, WT 
I 

mode is used t o  adjust the  frequency sensit ive coefficient i n  each of 
three fmard loop notch filter netwarb. 
t i on  & a forward loop notch filter i s  shown i n  equaticm 26. 

the identified FFtquency for each 

The 2 transform representa- 

K Z2 - 2rZcasuTT + r 2 
D(Z) = 

Z 2 + a Z + b  

Where WT is the f i l t e r  tuned 

give unity dc gain, T is the  
the  complex zero location i n  
ness and depth of the  notch. 

Figure 7 shows t he  amplitude 
fi l ters used far each of the 

frequency, K i s  the adjustable gain t o  
sampling period and r i s  the  radius of 
the Z plane which determines the sharp- 

versus frequency response of the  notch 
first three bendinn modes for the  maxi- 

mum dynamic pressure f l i g h t  case (78 seconds afzer launch). The 
first bending d e  fi l ter  is tuned t o  2.3 rad/sec w i t h  r = .995. 
The second bending W e  f i l t e r  is turned t o  5.6 rad/sec with r = .983 
and l as t l y  the th i rd  bend- mode f i l t e r  i s  tuned t o  9.1 radlsec 
with r = -975. 
sec. Associated with each f i l t e r  mechanization are a pa i r  of 2 
plane poles tha t  are located within the unit 2 plane c i rc le  by varying 
B and b 8s a function of the  system s t a b i l i t y  requirements. 

The sampling frequency is 62.8 rad/sec, i.e. T = 0.1 
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v. CONTROL SYSTEM STABlLITY ANALYSIS 

Short Period - First Mode Second Mode 
Compenaation Notch Notch 

The aim of the s t ab i l i t y  analysis i s  t o  determine a system compensation 
vhich maintains dynamic s tab i l i ty  over the t ra jectory within the  
parameter uncertainties and the accuracy and speed of response properties 
of the frequency identification system. 

Third Wode 
- Notch 

The form of the  campensation which evolved during the study consisted 
of I complex pole/zero compensator for each bending mode and a f i r s t  
order pole/zero for short period, all i n  t h e  fontasd control loop. 
The adaptive loop a d j u s t s  the  complex zero frequencies as a function 
of the identified beading mode frequencies. 

- 

A. System Compensation 

The basic vehicle pitch control system i s  shown i n  Figure 8. 
The system feedback i s  composed of at t i tude position and at t i tude 
rate.  
3 notch f i l ters tuned t o  the first, second and third bending mode 
frequencies. Several basic control system designs w e r e  performed 
as the study progressed. 
natural progression as additional insight in to  the  t o t a l  system 
w a s  obtained with each individual control system studied. 
resu l t s  of the  m optimum of these designs is presented i n  the 
following paragraphs of t h i s  summary report. 

This signal is fed through a short period compensator and 

These designs followed each other i n  a 

The 

i 

Figure 8. Basic Vehicle Control System 
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%e problem of designing an optinarm campensation configuration 
for caapat ibi l i ty  with the f'requency identification adaptive loop 
and the  uncertainty factors associated with the vehicle data 
requires a series of tradeoffs which depend d i rec t ly  OT indirectly 
on the following system considerations: 

(1) The level  of uncertainty associated with the vehicle data? 
especially bending mode frequencies, mode slopes and mode 
shapes. 
The typical variation of' all of the vehicle parameters with 
trajectorry t i m e .  
The required trajectory following capability, i.e., the 
required short period control frequency. 
The vehicle s t ructural  load considerations. 
me qe& e?.?. acc*s.r~cy at' the i'requ?p~?cy idefitificstion s y s t e m ,  
The d i g i t a l  c q u t e r  speed and resolution requiremcnts far 
system nrechanization. 

(2) 

( 3 )  

(4) 
(5 )  
( 6 )  

Table I1 presents the control system constants. Figures 9, 10 and 
11 axe the upen loop gain-phase p lo ts  for the three f l i gh t  cases 
occurring at l if t-off,  maximum q and end of f i r s t  stage using these 
control constants. In each case, t h e  notch f i l ters  are tuned t o  
the open loop bending frequency. 

With perfect identification, the notch f i l ters  would tune t o  the 
S tab i l i ty  analyses of these three closed loop bending frequency. 

f l i g h t  cases show that s tab i l i ty  i s  maintained for ? 55 errors 
i n  bending frequency identification of all bending d e s  except 
the first bending mode a t  the end of f i r s t  stage flight case 
(157 sec) where a + 346, - 5 s  identification errm must be maintained. 

Table 11. Control System Constants 

Sampling Rate .1 sec 
Rate gain 2.0 sec 
Short period compensation 

Zero frequency .4 rad/sec 
' Pole frequency 2.8 raii/sec 

Notch f i l t e r  p m t e r s  

Bending Modes 

1st Mode Zero 
Pole 

2nd Mode Zero 

3rd Mode 
Pole 
Zero 

Pole 

Loup gain: 0 t o  l l 2  sec 2. 
112 t o  144 sec 1.25 
14.4 t o  157 sec .61 

ming Frequency 

025 
IO * 
T1 

- 5  3.625 rad/sec . 025 
A2 3.625 rad/sec 

025 u)* 

07 5.0 rad/sec 
*3 

* Identified frequency 

24 
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A n  important question =st be ansvered i n  determining the absolute 
s t ab i l i t y  of the  control system in  conjunction with the frequency 
identification system. If the identification system i s  operating 
perfectly, it ident i f ies  the closed 1Wp bending frequency and wves 
the notch zero t o  this frequency. 
identified f'reqpency, the control system i s  changed which i n  turn 
changes the cl06ed loop bending frequency. 
point exists where the notch zero frequency and the closed loop 
be- frequency are identical. 
i s  the  following: "Is the  system stable when operating at this 
null point?" 
i s  unacceptable. 
Table I1 was investigated as t o  i t s  s t a b i l i t y  with respect t o  this 
question and found t o  be stable. 
studied proved t o  be stable u n t i l  this question was asked and then  
were proven t o  be unstable. 

I n  moving the notch zero t o  the 

A t  sone place a null. 

'phe s t ab i l i t y  question that arises 

If the answer t o  this question is no, the  control system 
The control s y s t e m  specified by the parameters In 

Sonre of the other control systems 

The s t ab i l i t y  p lo ts  shown i n  Figures 9, 10 and 11 include only three 
bending modes and no slosh modes. 
thorough s t ab i l i t y  analysis wa6 made including a fourth bending mcde 
and three slosh modes. 
mode had l i t t l e  effect  upon system s t a b i l i t y  end t h e  slosh modes even 
with damping provided by baff led  tanks, had a def in i te  effect  upon 
the system stabi l i ty .  
xmrgins and increased the bending q l i t r tde  peaks a t  some f l i g h t  
cases. 
system and simulation runs showed no adverse e f fec ts  on the  ident i f i -  
cation accuracy. 

However, during the study n 

It vas determined that the fourth bending 

The slosh e f fec ts  reduced the bending mode phase 

With baffled tanks, t he  slosh did not produce an unstable 

C. Worst Case Bending Parameter Analysis 

A w o r s t  case bending parameter analysis was made w h e r e  overall  vehicle 
stiffness was varied by 2 104 and interstage s t i f fness  by 2 5O$. 
The effect  of these variations on bending mass, frequency, slope and 
deflections were considered. 
bending mode renraiaed stable. In  only one case where the interstage 
stiffness was decreased by 508 and the overall s t i f fness  increased 
by lo$ did the second and th i rd  mode become unstable. 
could easily be corrected by theointroduction of 400 leg phase sh i f t  
at the second bending mode and 5 lag phase shift at  the third mode. 
This correction vould introduce insignificant effects  upon the short 
period and first bending laode stabi l i ty .  

In all cases, the short period and first  

This condition 

D. Load Relief 

The =in purpose of the load re l ie f  system analysis was t o  demonstrate 
compatible operation w i t h  the spectral  ident i f icat ion system. 
principal features of the designed load relief system are:  

(1) 

(2) 

The 

The system features a conventional. normal acceleration loup, 
including second order d i g i t a l  compensation i n  the N, loop. 
me load relief system becomes operative when the normal 
acceleration at the output of the N, loop fi l ter  exceeds a 
threshold level. 



(3) When the N loop is operative, the ordinary short period and 
2 

bending compensation is unchanged but the NZ loop (in the 

control ccanputer) includes the  option of using a different 
rate gain and a (canstant fac tor )  gain adjustment on the  
system p r o g r d  forward loop gain. 

Figure 12 is a gain-phase plot with the R, loop closed for the  
maxim q f l i g h t  case. The NZ catpensation i s  second order, and 

irequency characterist ics) a pole a t  . 3 rad/sec, a zero 
sec and a sccoad pole at 3 rad/sec. Equation 27 is the 

2 form of the Ir, coplpeasatm. 

The Hz loop gain (actual) is +.368, the  r a t e  gain and system loop 
gain are respectively 3 and 1.1 when the HZ lwp is uperative. 
The HZ loop tbreshold used far the t r a j e c t a y  runs i s  0.1 m/sec2, 
mcmitared at the output of the dc gain normalized NZ loop filter. 
In the f l i gh t  conrputer the W, signal f r o m  t h e  accelerameter (munted 
at  46.9 m) is processed through the H, fi l ter  f r o m  lift-off, d 
the  output of the f i l t e r  is tes ted at each control cycle 
When this signal exceeds the threehold specified, a different  
control equation, including the Hz term, the new rate gain and the 
Nz loop gain eajust are all processed by the control cmputer. 
When the Nz signal from the N, f i l t e r  goes below t h e  threshold, the 
nomm3. system control equation i s  again processed, 
results i n  a 37.7s reduction i n  peak loads due to w i n d  disturbance. 
Additional I.& relief can be accomplished by increasing the short  
period frequency OP the  basic attitude control system. 
i n  short period frequency of the  a t t i tude  control loop would a l l o w  
for higher load relief system gains and bandwidth. 

'phis system 

This increase 

!The priPery objective of establishing the  adaptive system performance 
with load relief was achieved during this portion of the study. 

E. Active Bending Control 

Included in the study was an investigation of an active bending 
control system which utilized a di f fe ren t ia l  rate gyro signal i n  
canhination with a desired caupensation function which was derived 
on the basis of removing dL1 bending excitation from the nozzle 
camrmaad signal without disturbing the s h e  period response, This 
portion of the  study was not completed i n  sufficient detail from 
which def ini te  conclusions could be drawn. Hwever, it was shown 
tha t  for the one f l i gh t  case analyzed, it was possible using single 
force point control, t o  achieve an equivalent r ig id  body/control 
system combination. However, the r e su l t s  w e r e  highly dependent upon 
vehicle parameter variations therefore, the u t i l i t y  of the  method would 
depend on whether a fixed function could be generated t o  handle vide 
parameter changes and uncertainties or whether it would be necessary 
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t o  continuously adept the function t o  the changing environmental 
and off-nominal conditions. Figure 13  shows the basic idea of 
the active control system i n  Open loop farm. The d i f fe ren t ia l  
r a t e  gyro output is processed through t h e  G(Z) colapensation function 
and sunrm?d with the normal a t t i tude  control error signal t o  form 
the total nozzle compand signal. The key t o  t h i s  system, as pre- 
v ious ly  mentioned, is the  rpethod required t o  generate the appropri- 
ate carpensation function throughout the flight regine. 

Bc I 

Figure 13. Open Loop Active Control System Block Diagram 



VI. T R A T E c m Y s m T I o L o  

A c q l e t c  trqjectory,  i.e., t = 10 t o  t - 157 sec i s  shown i n  Figures 
14 through 21. 
rather than t = 0 seconds because v i t h  a d i g i t a l  simulation and the 
method used t o  ecbsn ize  the  winds, there were no disturbances t o  the 
problem u n t i l  pitchover occurred. 
Figures 14 through 21 initially has the notch filters tuned 25% law 
t o  simulate an init ial  uncertainty of the  actual bending frequencies. 
A t  52 seconds worst cam! virpds are initiated with severe random 
wind gusts. 
I n i t i d l y  with the notch filters tuned 25$ low the  first and third 
bending modes are unstable. The input signal t o  the spectral  filters 
shown i n  Figure 18 i s  a measurement of bending only. This parameter 
shows that even though the first and thita bending modes are initially 
unstable the ini t ia l .  speed of identification i s  rapid enough to obtain 
a stable configuration before the bending builds up t o  an unacceptable 
level. 
trajectory runs where the notch f i l t e r s  were held fixed. 
shovs the  three identified frequencies and the  open loop bending fre- 
quencies, 
(foe., 6 sec after the  start OP the run) and remains within this 
accuracy except during the high w i n d  t ransient  portion of fl ight and 
at the very end of the  first stage flight where the open Iwp bending 
freqaencies change rapidly. 
highe!r frequency, it should be m e  rapidly identified than the  first 
mode. This i s  caused 
by the fact that the second made being initially stable contains less 
belding energy Mb consequently b u s  up more slcnly in comparison 
t o  the anatable first bending made. 

Treec ta r i e s  uere alvage started at t 5: 10 seconds 

The t ra jectory presented i n  

Figure  22 shows the worst case IBFT w i n d  profile. 

The i n i t i a l  ins tabi l i ty  was confirmed by s t ab i l i t y  analysis and 
Figure 14 

!Rue first bending .ode is  identified w i t h i n  54 by t = 16 sec 

Since the second bending nwde is of 

Figure 14 indicates that the opposite i s  true. 

Figure 19 indicates that the nozzle deflections are high which i n  turn 
means large lo ail^. 
creasing the shurt period frequency. 
the increased shad period frequency could be obtained with minor 
modifications t o  the  control system compensation. 
t ions,  the short period f’requency coulU be increased from the -47 
rad/sec shown i n  the trajectary run t o  .75 rad/sec. 
frequency would result In a significant reduction i n  the nozzle deflec- 

These deflections aad 1-6 can be reduced by in- 
Gain-phase analysis verified that 

With these modifica- 

This increase i n  

t i on  aad loads, 

It i s  a general characterist ic of the Spectral Identification Adaptive 
Control System that if a bending mode is  w e l l  s tabil ized i t s  excitation 
i s  low and the identification accuracy i s  poor. If, cm the other hand 
the bending energy i s  high due t o  poor bending s t ab i l i t y ,  the bending 
frequencies are well identified by the spectral  system. 
fact that guarantees s t ab i l i t y  w i t h  8 properly designed basic control 
system because the mor unstable and thus the more excited the bending 
mode becomes, the  more accurate the  identifiC8tiOn and therefore the 
bet ter  assurance of a resultant stable configuration. 

It i s  this 
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The th i rd  mode ident i f icat ion was, i n  general, poorer then e i ther  the 
first ur the second male identification i n  most of the simulation runs 
obtained. This can be attr ibuted t o  several possible causes which are: 

(1) There i s  an attenuation of high frequencies due t o  system 
lags and thus, the  th i rd  mode energy i s  i n  general lower 
thsn the  first and second mode energy. 

( 2 )  The spectral  f i l t e r  accuracy decreases as  the nuniber of 
sanprles per tuned frequency period decreases, thus the 
accuracy of the higher frequency spectral  filters i s  not 
as high as the lover frequency spectral  filters. 

bendiq frequency which may shift more radical ly  for the 
thfrd bending -e. 

( 3 )  “r‘iie &ptd Preq-ufmy Seing ident i f ie3 is the closed limp 

A technique e d s t s  far eliminating at least pa r t i a l ly  the first two 
possible causes of poor third mode identification. 
consists of casnbinlng the spectral integral  f i l t e r s  w i t h  a different ia-  
t i o n  on the spectral  input signal. 
spectral  input signal a gain proportional t o  the square of the tuned 
frequency is  obtained on each spectral f i l t e r  thus eliminating par t ia l ly  
the first came for pour t h i r d  mode identification. 
represents the i n t e w a  over 1/2 period ~f the sqs (a t). 
t i on  vithin the camputer l s  accompllshed by using receangular integra- 
tion which is the source of sampling errors. 

This  modification 

€& taking the derivative of t h e  

Equation 17 
integra- 

If the  derivative of 
( t )  i s  substituted in to  equation (17) for Ein(t) then the exact 
of the mesa3 with no sampllrrg error i s  given by equation (26 ) .  

t + i p  . 
3. ( t )  d i  = Ein (to + F )  - Eii, (to) 

f o  s. “ J  
1 in 

(28) 

Thus, the integral  can be evaluated exactly by taking samples of the 
input si& when the square wave changes sign. 

Other t r d e c t o r y  runs were made where instrument noise and f u e l  slosh 
were included. 
cause of increased nozzle act ivi ty  due t o  the noise. 
bending ac t iv i ty  i n  turn caused better ident i f icat ion af the bending 
frequencies. 
ac t iv i ty  but there appeared t o  be no tendency far the ident i f ie rs  t o  
identifg the slosh frequency. 

Instrument noise caused increased bending ac t iv i ty  be- 
The Increased 

The addition of fuel  slosh also increased the beading 
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VII. co~cLusIo196 

The Spectral Identification Adaptive Control System has been damnstrated 
t o  be capable of controlllng a realistic flexible vehicle w i t h  dynamic and 
f l e x i b i l i t y  parameter uncertainties. Uhen operating i n  conjunction with a 
properly designed control ByBtem, stable performance is guaranteed. 
more excited a bending mode becomes due to  temporary ins t ab i l i t y  the more 
accurately it is identified and thus, the greater  assurance of obtaining a 
stabilizing control system. The system has been studied w i t h  up to  25$ 
i n i t i a l  uncertainty and has performed w e l l  enough to assure that stable 
operation is  achieved independent of i n i t i a l  uncertainty. 

The 

The system maintains its performance i n  the presence of a r e a l i s t i c  
environment of winds and instrument noise. It maintains stable control 
during the  operation of a conventional load relief system. 

The Spectral Identification Adaptive Control System must be designed around 
the  vehicle it is to  control. 
filters are set must be over t h e  total range of possible bending frequencies. 
The control systan must be designed to  give adequete short period response 
plus the assurance that at no time can the condition exist where a notch 
f i l t e r  plac&. a t  an identified frequency w i l l  cause the vehicle t o  have an 
unstable m e  a t  that frequency. 

Obviously the  frequencies at which the spectral  

In suxmnary, the  spectral  identification adaptive control system offers  both 
a pract ical  (mechanization) as well as a performance ( s t ab i l i t y  and trajectory) 
solution to the control problem of large hunch vehicles. "he main features 
of the system is its ve r sa t i l i t y  t o  handle a wide variety of payload and/or 
mission changes by d ig i t a l  s o f i w a r e  (programming) techniques as opposed to  
analog hardware modifications. 

The system operates with only a minimum of a pr io r i  knowledge of the vehicle 
dynamics and the system can be readily adjusted t o  meet changes i n  control 
system requirements. 
within the capabillty of present day technology. 
ident i f icat ion adaptive control, by vir tue of the factors previously stated, 
affords a t ru ly  cost effect ive approach t o  the design of an integrated control 
system (guidance/control/loeds/structure) for future large launch vehicles. 

"he digital computer requirements of t h e  system are 
FUal.ly the  spectral  
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This section includes the basic equations of motion and pertinent 
vehicle bending data used in  the study, 

EQUATIONS OF MOTION 

Moment Equation 

F F(X - X 

(F - X) S 

h 

Forces Normal to Velocity 

C 

m V  
. - ( F - X ) f f  P - a  q A 0  

0 
f f =  m V  2 m Vo 

0 

(2 )  .. 
g sin (+ - a  ) m Z  

t n F Y i '  F (xp) v i  = c B j + b  - 
0 

0 j m V o  V 

Bending Equation 
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m r  1 

Slosh Equation 

.. 2 - -  F CZ,qA iY 
2 t 2 5  w z t w  2 = I s . + - =  p -  m 

S s s s  s s  
j j j j  j j  J 

Sensor Equations 

Control Equation 

P, = (-4= t +I t ~4 &I + K~ 2 
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Figures  23, 24, 25 and26 show the bending slopes at the rate 
gyro location, bending slopes at  attitude gyro location, differential 
slopes for  instruments located at 120.54 and 46.54 mete r s  and bending 
frequencies as a function of time respectively. 

Sym b ol s 

pitch moment of inertia 

normal force coefficient 

location of vehicle Cg 

location of vehicle C P  

location of vehicle gimbal point 

dynamic pressure  

c ros s  sectional reference a r e a  

total thrust  

location of nozzle cg 

P normalized bending slope a t  X 

P normalized bending displacement at X 

distance from vehicle cg to slosh m a s s  cg 

slosh m a s s  

drag force 

f i r s t  moment of swivel about gimbal point 



engine moment of iner t ia  about gimbal point 
IE 

m vehicle m a s s  

V vehicle velocity 
0 

bending damping 
'i 

bending frequency 
i 

W 

bending displacement a t  slosh mass  cg 
'i( xsj)  

'i ( xsj)  

I 

bending slope at slosh m a s s  cg 

Y.(X)dXnormalized generalized force function 
7 

ax 1 

bending model 

slosh damping 

mass  

w S slosh frequency 
j 

I 

bending slope at gyro location 
'i (x+I) 

I 

*i (xiI) bending slope at  r a t e  gyro location 

I 
bending slope at normal accelerometer  location 

'i ("NZ) 

y i  (*NZ) 
bending displacement a t  normal accelerometer location 

location of N instrument Z X 
NZ 
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